Let Pn = K[x1, . . . , xn] be a polynomial algebra over a field K of characteristic zero and div 0 n (respectively, div c n ) be the Lie algebra of derivations of Pn with zero (respectively, constant) divergence. We prove that AutLie(div 0 n ) ≃ Aut K−alg (Pn) (n ≥ 2) and AutLie(div 
Introduction
In this paper, module means a left module, K is a field of characteristic zero and K * is its group of units, and the following notation is fixed:
• P n := K[x 1 , . . . , x n ] = α∈N n Kx α is a polynomial algebra over K where x α := x α1 1 · · · x αn n , • G n := Aut K−alg (P n ) is the group of automorphisms of the polynomial algebra P n ,
• ∂ 1 := ∂ ∂x1 , . . . , ∂ n := ∂ ∂xn are the partial derivatives (K-linear derivations) of P n ,
• D n := Der K (P n ) = n i=1 P n ∂ i is the Lie algebra of K-derivations of P n where [∂, δ] := ∂δ − δ∂,
• G n := Aut Lie (D n ) is the group of automorphisms of the Lie algebra D n , • δ 1 := ad(∂ 1 ), . . . , δ n := ad(∂ n ) are the inner derivations of the Lie algebra D n determined by ∂ 1 , . . . , ∂ n (where ad(a)(b) := [a, b]),
Kh i where h 1 := ∂ 1 x 1 , . . . , h n := ∂ n x n ∈ End K (P n ),
∂ai ∂xi is the divergence of ∂, • A n := K x 1 , . . . , x n , ∂ 1 , . . . , ∂ n = α,β∈N n Kx α ∂ β is the n'th Weyl algebra,
The groups of automorphisms of the Lie algebras div 0 n and div c n . The aim of the paper is to prove the following two theorems.
Structure of the proof. The case n = 1 is trivial (see Section 2 where the group Sh 1 is defined in (1)). So, let n ≥ 2.
(i) G n ⊆ G n via the group monomorphism (Lemma 2.9. (3))
(ii) Let σ ∈ G n . Then ∂ ′ 1 := σ(∂ 1 ), . . . , ∂ ′ n := σ(∂ n ) are commuting, locally nilpotent derivations of the polynomial algebra P n (Lemma 2.14. (1)).
(iii) n i=1 ker Pn (∂ ′ i ) = K (Lemma 2.14. (2)).
(iv) There exists a polynomial automorphism τ ∈ G n such that τ σ ∈ Fix Gn (∂ 1 , . . . , ∂ n ) (Corollary 2.16).
(v) Fix Gn (∂ 1 , . . . , ∂ n ) = Sh n (Proposition 2.13.(3)) where Sh n := {s λ ∈ G n | s λ (x 1 ) = x 1 + λ 1 , . . . , s λ (x n ) = x n + λ n }
is the shift group of automorphisms of the polynomial algebra P n and λ = (λ 1 , . . . , λ n ) ∈ K n .
(vi) By (iv) and (v), σ ∈ G n , i.e. G n = G n .
Theorem 1.2 G
c n = G n .
Structure of the proof. The case n = 1 is trivial (see Section 2). So, let n ≥ 2.
(i) G n ⊆ G (ii) div (iv) Since G n = G n (Theorem 1.1) and G n ⊆ G c n (by (i)), the short exact sequence splits
(v) F = {e} (Lemma 2.17). Therefore, G c n = G n . Theorem 1.1 was announced in [8] where a sketch of the proof is given based on a study of certain Lie subalgebras of div 0 n of finite codimension. Our proof is based on completely different ideas.
A subalgebra M of a Lie algebra G is called a maximal Lie subalgebra if M = G and G is the only Lie subalgebra of G properly containing M.
• (Proposition 2.21) For n ≥ 2, div c n is a maximal Lie subalgebra of D n which is also a G ninvariant/G n -invariant Lie subalgebra.
• (Proposition 2.22) For n ≥ 2, the G n -module D n /div c n is simple and infinite dimensional with 2 Proof of Theorems 1.1 and 1.2
In this section, proofs of Theorems 1.1 and 1.2 are given. In the first part of the section some useful results are proved that are used throughout the paper. The second part of the section can be seen as proofs of Theorem 1.1 and 1.2. The proofs are split into several statements that reflect 'Structure of the proofs of Theorems 1.1 and and 1.2' given in the Introduction. As we have seen in the Introduction, Theorem 1.1 is the key point in the proof of Theorem 1.2.
The Lie algebra D n is Z n -graded. The Lie algebra
is a Z n -graded Lie algebra
for all α, β ∈ N n where e 1 := (1, 0, . . . , 0), . . . , e n := (0, . . . , 0, 1) is the canonical free basis for the free abelian group Z n . This follows from the commutation relations
Clearly, for all i, j = 1, . . . , n and α ∈ N n ,
The support Supp(D n ) := {β ∈ Z n | D n,β = 0} is a submonoid of Z n . Let us find the support Supp(D n ), the graded components D n,β and their dimensions dim K D n,β . For each i = 1, . . . , n, let N n,i := {α ∈ N n | α i = 0} and P ∂i n := ker Pn (∂ i ). It follows from the decompositions P n = P ∂i n ⊕ P n x i for i = 1, . . . , n that
Therefore, any derivation ∂ = n i=1 a i ∂ i ∈ D n is the unique sum (where
Hence,
Let G be an abelian Lie algebra and
The set W (M ) := {λ ∈ G * | M λ = 0} is called the set of weights of M .
We will see that di 
The elements h 1 , . . . , h n commute, the polynomial algebra P n is a weight h-module where h := ⊕ n i=1 Kh i is an abelian Lie subalgebra of the Lie algebra End K (P n ) (where [f, g] := f g − gf ) and the set W (P n ) of weights of the h-module P n is equal to (1, . . 
K-bases for div 0 n and div c n . For each pair i = j, the K-linear map
is a (well-defined) injection: By (13), div(φ ij (a)) = (h i h j − h j h i )(a) = 0, and if φ ij (a) = 0 then h j (a)H i = h i (a)H j , and so a = 0 since the maps h i and h j are bijections. For all α ∈ N n and i = j, let θ
In particular, θ
It is obvious that div 0 1 = K∂ 1 and div
3. The set of elements θ α i in statement 2 and x β ∂ j , where x β ∈ P ∂j n and j = 1, . . . , n, is a K-basis for div Proof. 1. It is obvious that R :=
By (14) and the fact that the K-linear maps h 1 , . . . , h n are invertible, Let θ := x 1 · · · x n ∈ P n . Then C n := i∈N θ i H ′ n is an abelian Lie subalgebra of div 0 n that contains H ′ n . We will see that C n is a Cartan subalgebra of the Lie algebras div 
where
where 1 := (1, 1, . . . , 1) and (λ, µ) := n i=1 λ i µ i is the standard inner product on K n . The dual space H ′ * n := Hom K (H ′ n , K) can be identified with the factor space
n is a weight module and the summands in (18) are the (nonzero) weight vectors under the adjoint action of
where div 
The Lie algebra div
n is the direct sum of its weight H ′ n -submodules with
We will see shortly that di ′0 n is a non-Noetherian Lie algebra (Lemma 2.2). Notice that di
The commutation relations of the weight vectors in div 
If, in addition α i = 0, then the equality (26) takes the form
By (22) and (25), di 0 n is a Lie subalgebra of div 0 n which is not an ideal, by(26). By (24), iv 0 n is not a Lie algebra for n ≥ 2.
So, the Lie algebra di ′0 n is not simple:
Lemma 2.2 For n ≥ 2, the Lie algebras di 0 n and di
′0
n are not Noetherian.
Proof. If n = 2 then di ′0 2 = C 2 is an infinite dimensional abelian Lie algebra, hence, nonNoetherian. Let n ≥ 3. Let I be an ideal of the additive monoid
n is not a Noetherian Lie algebra. Similarly, by (25), for n ≥ 2, the map I → a(I) := α∈I {x α H | (α + 1, H) = 0, H ∈ H n } from the set I(N n ) to the set I(di 0 n ) of ideals of the Lie algebra di 0 n is an inclusion preserving injection. Therefore, the Lie algebra di 0 n is non-Noetherian.
Let G be a Lie algebra and H be its Lie subalgebra. The centralizer
When δ is a locally nilpotent map in V we also say that δ acts locally nilpotently on V . Every nilpotent linear map δ, that is δ n = 0 for some n ≥ 1, is a locally nilpotent map but not vice versa, in general. Let G be a Lie algebra. Each element a ∈ G determines the derivation of the Lie algebra G by the rule ad(a) :
, which is called the inner derivation associated with a. The set Inn(G) of all the inner derivations of the Lie algebra G is a Lie subalgebra of the Lie algebra (End
There is the short exact sequence of Lie algebras for all elements a, b ∈ G. An element a ∈ G is called a locally nilpotent element (respectively, a nilpotent element) if so is the inner derivation ad(a) of the Lie algebra G.
The Cartan subalgebra C n of div 0 n . A nilpotent Lie subalgebra C of a Lie algebra G such that C = N G (C) is called a Cartan subalgebra of G. We use often the following obvious observation: An abelian Lie subalgebra that coincides with its centralizer is a maximal abelian Lie subalgebra.
Example. H n is a Cartan subalgebra of D n and H n = C Dn (H n ) is a maximal abelian Lie subalgebra of D n .
n is weight and
Now, the inclusion H
′ n ⊆ C n implies the inclusions
The Lie algebra C n + H n is solvable but not nilpotent, and so C n + H n is not a Cartan subalgebra of div 
We can easily verify that the action of the Cartan subalgebra C n of div 0 n on div 0 n is not locally finite dimensional, see (25) and (26).
P n is a D n -module. The polynomial algebra P n is a (left) D n -module:
The field K is a D n -submodule of P n and
Lemma 2.4 [2] The D n -module P n /K is simple with End Dn (P n /K) = Kid where id is the identity map.
The G n -module D n . The Lie algebra D n is a G n -module,
Every automorphism σ ∈ G n is uniquely determined by the elements
Let M n (P n ) be the algebra of n × n matrices over P n . The matrix
∂xi , is called the Jacobian matrix of the automorphism (endomorphism) σ and its determinant J (σ) := det J(σ) is called the Jacobian of σ. So, the j'th column of J(σ) is the gradient grad x are the partial derivatives of P n with respect to the variables x
Every derivation ∂ ∈ D n is a unique sum
In more detail, if
where δ ij is the Kronecker delta function. The equalities above can be written in the matrix form as AJ(σ) = 1 where 1 is the identity matrix. Therefore, A = J(σ)
By taking the determinants of both sides of (32), we have a similar equality of the Jacobians: for all σ, τ ∈ G n .
Properties of the divergence. Recall some of the properties of the divergence map div :
(div-i) div is a K-linear map which is a surjection.
(div-ii) For all a ∈ P n and ∂ ∈ D n , div(a∂) = adiv(∂) + ∂(a).
(div-iv) Let a 1 , . . . , a n ∈ P n ; σ : P n → P n , x i → a i , i = 1, . . . , n and J (a 1 , . . . , a n ) := J (σ) be the Jacobian of σ. Then (Proposition 2.3.2, [6] ) ∂ * J (a 1 , . . . , a n ) = −J (a 1 , . . . , a n )div(∂) + n i=1 J (a 1 , . . . , ∂ * a i , . . . , a n ).
(div-v) (Theorem 2.5.5, [6] 
The divergence commutes with polynomial automorphisms. The following known theorem shows that the divergence commutes with automorphisms, i.e. the divergence map div : D n → P n is a G n -module homomorphism. We give a short proof.
The above theorem was announced in [8] where a sketch of a proof is given, it can also be deduced from [10] . A proof of the above theorem is given in [9] and in ( [7] , Theorem 3.6), a different approach and a short proof is given in [2] . Some generalizations are given in [4] , [3] and [5] .
Corollary 2.7 For all σ ∈ G n and ∂ ∈ D n , div(σ(∂)) = σ(div(∂)).
Proof. The statement follows from Theorem 2.6 and Theorem 2.5. Proof. This follows from Theorem 2.5.
is the short exact sequence of (left) div 0 n -modules and div c n -modules, i.e.
for all ∂ ∈ div c n and δ ∈ D n . So,
is the short exact sequence of (left) div 0 n -modules/div c n -modules, and so
since div(H i ) = 1 for all i = 1, . . . , n.
The maximal abelian Lie subalgebra D n of div 0 n and div c n .
, is a monomorphism. For n = 1, the group Sh 1 is the kernel of the group homomorphism n is a G n -submodule of D n . So, the group homomorphism in statement 3 is well-defined. The case n = 1 is obvious since
4. By Corollary 2.8, div c n is a G n -submodule of D n . So, the group homomorphism in statement 4 is well-defined. Now, statement 4 follows from statement 3 for n ≥ 2. For n = 1, statement 4 is obvious as div
Proof. The statement is obvious for n = 1 as div
Finally, for all a ∈ P n and i = j,
The following lemma is well-known and easy to prove.
Lemma 2.11
1. D n is a simple Lie algebra.
The next lemma is also known but we give a short elementary proof.
Lemma 2.12 1. div 0 n is a simple Lie algebra.
Z(div
Proof. All three statements are obvious if n = 1 since div 0 1 = K∂. So, we assume that n ≥ 2. 1. Let 0 = a ∈ div 0 n and a = (a) be the ideal of the Lie algebra div 0 n generated by the element a. We have to show that a = div 0 n . Using the inner derivations δ 1 , . . . , δ n and ad(H i − H j ) (where i = j) of the Lie algebra div 0 n we see that ∂ i ∈ a for some i.
we see that
In more detail,
2. Statement 2 follows from statement 1. 3. Statement 3 follows from statement 1.
For any α = (α 1 , . . . , α n ) ∈ N n and any i = j, we have α = α i e i + α j e j + β where β ∈ N n with
Indeed, let c be the commutator. Then
The inner derivations δ 1 = ad(∂ 1 ), . . . , d n = ad(∂ n ) of the Lie algebra D n are commuting and locally nilpotent. The Lie algebra D n is a union of vector spaces 
The automorphisms s i,i+1 , i = 1, . . . , n − 1 (n ≥ 2). The automorphism s = s i,i+1 of the polynomial algebra P n that swaps the variables x i and x i+1 leaving the rest of the variables untouched (s(x i ) = x i+1 and s(x i+1 ) = x i ) extends uniquely to an automorphism of the Lie algebra D n . Clearly, s is also an automorphism of the Lie algebras div 0 n and div c n (Theorem 2.5). In particular,
Therefore, for all α ∈ N n ,
where, for α = (α 1 , . . . , α n ),
Proof. By (27),
Proof. By applying the automorphism s = s i,i+1 to the equality (44) and using (43) we obtain (45):
By (44) and (45), for i = 1, . . . , n − 1; j = 1, . . . , n and α ∈ N n .
[∂ j , θ
Proposition 2.13 Let n ≥ 2. Then 
Suppose that n > 2. If n = 3 then up to action of Sh 3 , we may assume that H
If n ≥ 4 then for any four distinct numbers i, j, k, l ∈ {1, 2, . . . , n} we have the equality
Therefore, λ i kl = 0 for all distinct i, j and k. Then using Sh n , we may assume that
. This means that s λ σ ∈ Fix Gn (D n + H ′ n ) = {e} (statement 2) for some s λ ∈ Sh n , and so σ = s
Lemma 2.14 Let σ ∈ G n and ∂ Corollary 2.16 Let σ ∈ G n . Then τ σ ∈ Fix Gn (∂ 1 , . . . , ∂ n ) for some τ ∈ G n .
Proof. By Lemma 2.14, the elements ∂ n := τ −1 (∂ n ) for some τ ∈ G n . Therefore, τ σ ∈ Fix Gn (∂ 1 , . . . , ∂ n ).
Proof of Theorem 1.1. If n = 1 then div 0 1 = K∂ 1 , G 1 = T 1 ≃ G 1 /Sh 1 since G 1 = T 1 ⋉ Sh 1 . So, let n ≥ 2. Let σ ∈ G n . By Corollary 2.16, τ σ ∈ Fix Gn (∂ 1 , . . . , ∂ n ) = Sh n (Proposition 2.13. (3)). Therefore, σ ∈ G n , i.e. G n = G n . Proof. If n = 1, σ(∂) = ∂ for some σ ∈ G The automorphisms of the Lie algebra div c n preserve divergence.
